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We study the surfing motion of active particles located at a flat liquid-gas inter-
face. The particles create and maintain a surface tension gradient by asymmetrically
discharging a surface tension-reducing agent. We employ theory and numerical sim-
ulation to investigate the Marangoni propulsion of these active surfers. First, we use
the reciprocal theorem to establish a relationship between the propulsion speed and
the release of the active chemical. This theoretical relation is utilized to examine the
effect of wall confinement and geometry on the Marangoni-driven motion of active
particle when the inertial effects are negligible and when the transports of the released
agent is dominated by diffusion. Contrary to what might be the usual expectation,
we find that the surfers may propel in the lower surface tension direction depending
on their geometry and proximity to the bottom of the liquid layer. We then extend
our theory beyond the Stokes regime with the aid of the perturbation theory and
calculate the leading-order corrections to the propulsion speed due to the advective
transport of momentum and mass when the Reynolds and Péclet numbers (denoted
by Re and Pe, respectively) are small, but finite.
Next, we develop a computational framework that enables us to study the effects
of intermediate and large Re and Pe on the propulsion speed. Our numerical approach
is validated against theory and available experimental data. Interestingly, our simu-
lations reveal that the normalized propulsion speed initially increases with increasing
Re and Pe from zero. It then reaches a maximum and afterward sharply declines when
xix
Re or Pe becomes large. That there exist certain intermediate Reynolds and Péclet
numbers at which the Marangoni propulsion reaches a peak is a new finding that can
guide engineers to design Marangoni surfers with superior performance.
We also numerically analyze the translational stability of Marangoni surfers of
spherical shape. An overset-grid is adopted to carry out the simulations. We demon-
strate that a Marangoni surfer can retain its stability at higher Reynolds numbers
relative to the same surfer moving at an interface with no Marangoni effect present.
Lastly, we computationally investigate the change in the mobility of the surfers as a
result of the depth of the liquid layer. We consider the motion of thin cylindrical disks
and oblate spheroids for a wide range of release rates and diffusivity of the exuded
chemical species, that control the effective Reynolds and Péclet numbers. We show
that indeed the surfers can undergo a forward, a backward, or an arrested motion. We
also identify the links between these modes of mobility and the forces acting on the
surfers as well as the flow structure in their vicinity. Rather unexpectedly, we discover
that negative pressure is the primary contributor to the fluid force experienced by
the surfer and that this suction force is mainly responsible for the reverse Marangoni
propulsion. Overall, our findings substantially improve the current understanding of
the Marangoni-driven motion of active particles at liquid-gas interfaces and pave the
way for engineering future miniature surfing robots.
xx
Chapter 1: Introduction
1.1 Background and Motivations
Self-propelled microdevices powered by converting chemical energy into mechanical
work bring to bear functionalities that resemble those of microorganisms. These minia-
ture robots are thus promising candidates for targeted drug delivery, microsurgery,
self-assembly, and microfluidic manipulation [1, 2]. Thanks to the recent advances in
the MEMS/NEMS technology, researchers have designed and tested a wide variety
of swimming microrobots, many of them biomimetic, to carry out prescribed tasks in
microfluidic systems [3–12]. However, despite recent notable progress in creating mi-
croswimmers, the development of microscopic machines capable of surfing on fluidic
interfaces is still at its infancy.
The transport of interface-trapped particles due to self-generated surface tension
gradients appears frequently in man-made and biological systems. Arguably, the most
basic human-made example is the camphor boat [13, 14], where the gradual dissolution
of a camphor piece attached to the back of the boat creates a for/aft surface tension
asymmetry (with associated Marangoni flows) that leads to the self-propulsion of
the craft (see figure 1.1a). Miniature analogues of this very simple Marangoni surfer
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have been created recently [15–30] with the ultimate goal of designing programmable
surfing robots for microfluidic manipulation, self-assembly, and targeted drug delivery.
These tiny Marangoni surfers can potentially execute missions that are currently very
difficult or even impossible to accomplish [1, 2, 6, 31].
The Marangoni propulsion emerges in biological systems as well. For instance,
there are water-walking insects, such as Dianous (a rove beetle) and Velia (a small
water strider) that secrete surface-active materials (see figure 1.1b) to boost their
walking speed in emergency situations [32–35]. Marangoni propulsion have also been
reported as the primary mechanism for the rapid interfacial migration of bacterial
swarms towards nutrient-rich regions for further colonization [36–39]. These studies
have suggested that the signaling molecules exuded by the surface-associated bacteria
such as Pseudomonas aeruginosa are also active agents that locally alter the surface
tension. Fighting these infectious microrganisms by antibiotics often involves ham-
pering their Marangoni-driven collective dynamics responsible for their colonization.
Despite its ubiquity and significance in many important contexts, Marangoni
propulsion of particles remains heavily understudied. This perhaps stems from the
presence of additional complexities that arise due to the coupling between the dy-
namics of the immersing interface and fluid flows, on one hand, and the locomotion
of the particles and transport of released chemical species or heat on the other hand.
The current lack of fundamental understanding in this area impedes the development
of advanced Marangoni surfers for emerging engineering applications and also makes
2
(a) (b)
Figure 1.1: Examples of Marangoni propulsion in man-made and natural
systems (adopted from [35, 40]). The figures visualize (a) the concentration
of released chemical agents in the wakes of a surfing camphor boat and (b)
a small water strider (Velia) excreting an active fluid from its anus.
it very challenging, if not impossible, to uncover the role of self-induced Marangoni
stresses in the colonization and locomotion of biological organisms.
1.2 Previous Studies
Investigations into the propulsion of floating objects triggered by an auto-modulation
of nearby interfacial stresses date back, at least, to the pioneering work of Lord
Rayleigh, in the late 19th century, on the motion of camphor scrapings along a water-
air interface [13]. Since then, there have been several other attempts to examine
the motion of active particles of various shapes and sizes that self-propel at fluidic
interfaces by creating a gradient of surface tension in their immediate vicinity [9, 14–
27, 29, 30, 41–71]. Among the experimental studies, Bassik et al. [15] considered the
translational and rotational motion of ethanol-soaked poly-N-isopropylacrylamide gels
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at a water-air interface. Their measurements indicated that the propulsion velocity is
linearly related to the spreading speed of ethanol. They also observed that the max-
imum rotational velocity of the gels is inversely related to their linear dimensions. In
a proof-of-concept study, Zhang et al. [22] showed the feasibility of using a depoly-
merization reaction to power the surfing motion of objects ranging from micrometer
to centimeter scales. They observed that microscale particles achieve speeds of up to
660 body lengths per second. Also, Maggi et al. [9] designed a continuously rotating
microgear that uses the principle of Marangoni propulsion to convert light into me-
chanical work. In this design, the light absorbed by the gear sitting on a water-air
interface locally changes the surface tension, which, in turn, leads to the rotation
of the gear. The researchers concluded that the Marangoni propulsion is one of the
strongest mechanisms for light actuation at small scales. More recently, Sur et al.
[70] investigated the dynamics of disk-shaped Marangoni surfers dip-coated on one
side by a layer of either soap or isopropyl alcohol. Conducting particle tracking and
particle image velocimetry (PIV) measurements, they found that the surfers follow
a straight steady-state motion at low to moderate speeds, and observed a transition
from translational to orbital motion beyond a critical Reynolds number defined based
on the propulsion speed of the surfer.
Theoretical efforts to understand the Marangoni propulsion of active surfers in-
clude the works of Lauga and Davis [48] and Würger [51], where the propulsion speeds
of, respectively, disk-shaped and spherical particles are analytically calculated in the
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absence of inertia. The derivations involve direct solution of the Stokes equations for
the flow of the liquid. The calculations showed that the translational propulsion speed
is independent of the size of the particle. In the same context, Masoud and Stone [52]
used the reciprocal theorem [72] to bypass detailed calculation of the flow field and
derived closed-form expressions for the speed of active oblate and prolate spheroids.
There also exist studies on the collective motion of surfers. For instance, Masoud and
Shelley [53] considered the dynamics of a flock of chemically active surfers. Their linear
stability analysis and numerical simulations using a Fourier pseudo-spectral method
revealed that, if the particles’ activity locally raises the surface tension, surface flows
of chemical surfers can cause them to clump together – a phenomenon reminiscent of
the self-aggregation of slime mold colonies.
1.3 Objectives and Outline
Our literature survey in the previous section reveals that the state-of-the-art in the
area of Marangoni propulsion of active surfers currently suffers from several shortcom-
ings. For example, it is not clear how the inertial effects and the advective transport of
the chemical agent or heat alter the propulsion speed. The effects of particle geometry
and interface deformation are not well understood either. Also, there is a lack of basic
knowledge about the influence of system scale confinement, such as boundaries and
obstacles, on the propulsion dynamics of particles. Such knowledge is critically needed
as in many applications the Marangoni propulsion takes place in the presence of a
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confining solid boundary. More importantly, there is no solid study on the stability
characteristics of Marangoni surfers. This information is essential for determining the
applicability range of the surfers for various applications.
The main objective of this dissertation is to address some of these deficiencies by
systematically investigating the Marangoni surfing of interface-bound particles using
a combination of theoretical calculations and numerical simulations. Here, we aim to
(i) characterize the Marangoni propulsion of single particles in unbounded domains,
(ii) investigate the influence of confinement on the propulsion dynamics of particles,
and (iii) analyze the stability of self-propelled surfers.
The remaining chapters of this dissertation are organized as follows. In the next
chapter, we theoretically examine the Marangoni-driven motion of surfers by intro-
ducing a reciprocal theorem-based formulation for the propulsion speed. Then, we de-
scribe the computational method developed for simulating the Marangoni propulsion
(§3). In chapter §4, we present our findings for the optimum speed and translational
stability of the Marangoni propulsion and its variations under confinement. We con-
clude with chapter §5, where we summarize our results and discuss future research
directions.
6
Chapter 2: A Reciprocal Theorem for
Marangoni Propulsion
2.1 Introduction
In this chapter, we theoretically study the propulsion speed of Marangoni surfers at
steady state condition. Specifically, we consider two cases: (i) surfing atop a finite layer
of liquid in the absence of advective momentum and mass transport (i.e., when Re =
Pe = 0) and (ii) Marangoni propulsion at non-zero (but small) Reynolds and Péclet
numbers when the liquid layer is very deep. The results of our analyses, which are
based on the reciprocal theorem (see, e.g., [72]), motivate the numerical calculations
presented in chapter §3.
2.2 The Case of Zero Reynolds and Péclet Numbers
Consider a particle located at a flat liquid-gas interface, at z = 0, sitting above a
layer of Newtonian fluid, with constant density ρ and viscosity µ (see Fig. 2.1). The
particle translates with the velocity U = Ue due to a non-uniformity in the surface
tension γ arising from an asymmetric release of a surface-active chemical species (with
diffusivity D) from the particle’s surface. Here, e is the unit vector in the direction
7
Figure 2.1: Schematic of a Marangoni surfer propelling atop a semi-infinite
liquid layer. The color map at the interfaces represent the surface tension
distribution resulting from the release of a chemical species from the surfer.
Si and lp denote, respectively, the liquid-gas interface and three-phase con-
tact line pinned to the particle at 90◦ contact angle. The dashed enclosing
contour and S∞ show the lack of outer boundaries.
of motion.
To reduce the complexity of the calculations, the following justifiable assumptions
are made: (i) the liquid-gas interface is flat; (ii) the three-phase contact line is pinned
at a 90◦ contact angle; (iii) the released chemical species is soluble into the bulk
of the liquid layer and its three-dimensional transport is dominated by diffusion;
(iv) gravitational and inertial effects are negligible, (v) the liquid is Newtonian with
constant density and viscosity that are unaffected by the presence of the solute; (vi)
the surface tension of the liquid varies linearly with the concentration of the chemical
species; and (vii) the particle undergoes a pure translational motion along a straight
8
line parallel to the interface.
A typical experimental setup for which the assumptions are valid is an aqueous
system with particles of diameter D ∼ 1µm and propulsion speed U ∼ 1µm/s that
produce a chemical species with a diffusion constant D ∼ 10−10 m2/s. The Capillary,
Péclet, and Reynolds numbers of this system are, respectively, Ca = µU/γ
0
∼ 10−8,
Pe = DU/D ∼ 10−2, and Re = ρDU/µ ∼ 10−6. The assumptions are similarly valid
for an aqueous system with optically heated particles of diameter D ∼ 10µm whose
propulsion speed is U ∼ 10µm/s. Here, the corresponding dimensionless numbers
are Ca ∼ 10−7, Pe = DU/α ∼ 10−3, and Re ∼ 10−4. The non-dimensional numbers
are calculated based on the water properties at room condition (i.e. density ρ =
997.0479 kg/m3, viscosity µ = 8.90 × 10−4 N·s/m2, thermal diffusivity α = 0.143 ×
10−6 m2/s, and surface tension γ
0
= 71.97 × 10−3 N/m). In both setups, the surface
tension is strong enough to keep the interface flat (Ca ≪ 1), the primary mode of
heat and mass transfer is diffusion (Pe ≪ 1), and the flow is creeping (Re ≪ 1).
2.2.1Derivation of the Propulsion Speed
Suppose u and σ are, respectively, the velocity and stress fields, in z ≤ 0, cor-
responding to the Marangoni-driven motion of the particle. Let û and σ̂ denote,
respectively, the velocity and stress fields corresponding to the translation with the
velocity Û = Ûe of an identical particle at an interface with no surface tension
gradients. These fields are free of contact-line singularities, as the particle motion is
9




(n · σ) · û dS +
∫
Si




(n · σ̂) · u dS +
∫
Si
(n · σ̂) · u dS,
(2.1)
where Sp is the wetted area of the particle, Si represents the liquid-gas interface
(see Fig. 2.1), and n is the unit vector outward normal to Sp and Si. When the fluid
domain is only confined by the interface (see Fig. 2.1), the integrals over the bounding
surface at infinity (denoted by S∞) are zero since the velocities decay at least as fast
as the inverse of distance in the far field. If the fluid domain is bounded from below
or sides by walls (see, e.g., Fig. 2.2), the integrals over those boundaries also vanish
due to the zero-velocity boundary condition.
Owing to the no-slip condition, u = Ue and û = Ûe on Sp. Also, the components
of u and û normal to the interface are zero as no fluid exchange takes place there.
The balance of shear stress at the interface requires that
(n · σ) · û = −∇sγ · û and (n · σ̂) · u = 0 (2.2)
on Si, where ∇s is the surface gradient operator. Since no net external force is applied
on the particle, the viscous force
∫
Sp
n ·σ dS exerted on Sp is balanced by the surface
tension force Fst e =
∫
ℓp
γt dℓ acting along the three-phase contact line ℓp, where t
is the unit vector tangent to Si and normal to ℓp (see Figs. 2.1 and 2.2). Taking the
10
Figure 2.2: Marangoni propulsion of (a) spherical and (b) disk-shaped par-
ticles at a flat interface above a liquid layer of finite depth. The color maps at
the interfaces represent the surface tension distribution around the surfers.
Si and lp denote, respectively, the liquid-gas interface and three-phase con-
tact line pinned to the particle at 90◦ contact angle. The translation towards
the higher surface tension direction is regarded as the forward propulsion.




(Fst + FM ) , (2.3)
where −F̂d e =
∫
Sp
n · σ̂ dS is the fluid drag that the translating particle would have






(û/Û) · ∇sγ dS is the contribution of the Marangoni flow. In the
conventional approach, calculating U entails solving the Stokes flow equations for u
subject to the no-slip and Marangoni stress boundary conditions (see, e.g., [48, 51]).
The use of the reciprocal theorem, instead, allows us to obtain U by just having û
(see Eq. (2.3), which is analytically easier to calculate.
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2.2.2Propulsion Speed of Spheres and Disks
We now apply Eq. (2.3) to determine U for spherical and disk-shaped particles moving
atop a liquid layer that is bounded by a solid wall at z = −H (see Fig. 2.2). Con-
veniently, û is already derived for the creeping motion of spheres and disks between
parallel plates [75, 76]. Note that when the particle is located at an equal distance
from the walls, due to the symmetry, the velocity fields obtained by Ganatos et al.
[75] and Davis [76] are identical to those generated by the translation of the same
particle along a flat liquid-gas interface sitting above a liquid layer bounded by a
solid boundary. This argument holds when the Capillary number is very low, which
indicates that the deflection of the interface due to the pressure distribution along
the free surface can be ignored. The Ca ≪ 1 condition is a stronger constraint when
the fluid layer is shallow.
Without loss of generality, we set the direction of motion to e = ex (see Fig. 2.2).
Hence, following the solution of Ganatos et al. [75] for a sphere of radius R, the in-
plane components of velocity û in the spherical coordinates (r, θ, ϕ) at the interface




















Am,n (H/R)Gm,n (r/R,H/R) , (2.4b)
where {Am,n} are functions of H/R obtained via a collocation technique, and {Fm,n}
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and {Gm,n} are functions of r/R andH/R (see Eqs. (2.6), (2.10), (2.24), and Appendix
C of Ganatos et al. [75]). Also, according to Davis [76], the velocity components at


































where Φ and Γ are functions of r/R, z/R, and H/R with Γ
0
= Γ|z=0 and Φz,0 =
R ∂Φ/∂z|z=0 (see equations (4.7), (4.18), (4.19), (4.22), and (4.23) of Davis [76]).
Following our assumption, the surface tension changes linearly with the concen-
tration of the surface-active agent at the interface as
γ = γ
0
+ α c|z=0, (2.6)
where γ
0
and α are constants [77, 78]. Here, c denotes the steady-state concentration
field that satisfies the Laplace equation ∇2c = 0. This is true when the dominant
mechanism of transport is diffusion (i.e., Pe = 0). Inspection of Eqs. (2.4) and (2.5)
reveals that only the first harmonic modes of ϕ appear in û. This, in conjunction with
(2.6), indicates that only the terms proportional to cosϕ in multipole expansion of c
contribute to the integral in (2.3). Retaining just the leading-order term in powers of




















































Figure 2.3: The normalized propulsion speed U/U∞ as a function of the
thickness of the fluid layer H/R for (a) spherical and (b) disk-shaped par-
ticles. The insets in (a) and (b) show the variation of F̂d/F̂d,∞ (normal-
ized Stokes drag experienced by the particle translating at an interface with
no surface tension gradients) versus H/R obtained from the solutions of
Ganatos et al. [75] and Davis [76]. Here, the speed and drag corresponding
to a semi-infinite fluid layer (H/R → ∞) are denoted, respectively, by U∞
and F̂d,∞, whose values for spheres and disks are shown in Fig. 2.4. Also,
the thin solid line in subfigure (a) corresponds to U = 0.
where B is a constant. Equation (2.7) is derived using the method of images assuming
that n ·∇c = 0 at the interface and on the wall.
Substituting Eqs. (2.4)-(2.7) into Eq. (2.3), we obtain the propulsion speed of
active spheres and disks. Figure 2.3 shows the plots of U/U∞ versus H/R, where U∞
denotes U for a semi-infinite fluid layer. We see that when the fluid layer is very deep
(H/R ≥ 100) the speed is within 2% of its asymptotic value for both cases considered.
On the other hand, when the fluid layer is shallow (H/R < 1.5), we see distinctly
different behaviors for spheres and disks. Notably, we find that spheres come into a
halt at a certain distance from the wall (H/R ≃ 1.25), closer than which they propel
in the lower surface tension direction (see Fig. 2.3a). This contradicts the default
notion that Marangoni surfers self-propel towards the direction with a higher surface
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tension.
According to Eq. (2.3), the sign of U is set by the competition between two
opposing influences, namely the net surface tension force acting along the three-phase
contact line and the Marangoni flow induced by the surface tension gradients that
are represented by Fst and FM , respectively. Note that F̂d/Û is always positive (see
the insets in Fig. 2.3). Thus, if the contribution of F
M
is neglected, U always has the
same sign as Fst, meaning that the particles are always pulled towards the higher
surface tension direction. This could be the origin of the common perception about
the direction of Marangoni propulsion.
The effect of the confinement on the propulsion speed of disks is also notewor-
thy. Figure 2.3b shows that the speed of active disks increases logarithmically as
H/R → 0. Here, the speed surge in shallow depths stems from the fact that the solid
wall is insulated. The combination of adiabatic condition and narrow layer results in
steeper temperature gradients, which further augment Fst over FM . Ultimately, the
overall gain of (Fst +FM ) outweighs the increase of F̂d (see Figs. 2.3b and Eq. (2.3)).
Remember that, here, we have assumed that B in Eq. (2.7) is constant, which implies
that the release rate of the chemical species remains unchanged as H/R decreases.
2.2.3Propulsion Speed of Oblate Spheroids
Thanks to the reciprocal theorem, we have so far analytically calculated U for spheres
and disks. Obtaining U in a similar manner for general oblate spheroids requires a
15
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Figure 2.4: Comparison between the exact and approximate results for
oblate spheroidal particles translating at an interface above a semi-infinite
layer of fluid (H/R → ∞). (a) The variation of non-dimensional drag
F̂d,∞/µÛR versus the particle aspect ratio ε. (b) The dimensionless propul-
sion speed of thermally active spheroids U∞µ/KTBT as a function of ε.
The solid lines represent exact analytical results whereas square symbols de-
pict approximate values obtained via interpolations between the results for
spheres and disks. The insets show the relative error of the approximations.
closed-form expression for û, which is not readily available. In what follows, we pro-
pose an approximate method for calculating the propulsion speed of oblate spheroids
based on our results for spheres and disks.
Consider an oblate spheroid translating at an interface above a semi-infinite layer
of fluid (H/R → ∞). If we plot the analytically-known drag F̂d,∞ as a function of
the particle aspect ratio ε (see Fig. 2.4a), we observe that the drag changes almost
linearly with the aspect ratio (see also the Appendix of [79]). In fact, the curve can












where the superscripts S and D denote the values for sphere (ε = 1) and disk (ε =
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Figure 2.5: Comparison between the numerical and approximate results for
oblate spheroidal particles of aspect ratio ε = 0.4. The main curve shows the
relative approximation error e
U
for the propulsion speed of the thermally
active oblate at different distances from the wall H/R. The inset shows the
relative error for the drag e
F̂
as a function of H/R.
1.3% belonging to ε = 0.4. That the particle resistance varies quasi-linearly with
the aspect ratio suggests that the particle mobility (i.e. U) changes inverse-linearly
with ε. Remarkably, we find that the curves of U∞ versus ε for spheroids are closely

















Again, the maximum error occurs at ε = 0.4 and its magnitude is 12.5% (see the
inset of Fig. 2.4b).
These observations strongly recommend employing the same type of interpolations
used in (2.8) and (2.9) for approximating the drag F̂d and propulsion speed U of
oblate spheroidal particles in the presence of the confining solid boundary. To test
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the validity of such estimations, we numerically calculate F̂d and U for ε = 0.4 and
compare the results with those obtained by interpolating between the data presented
in Fig. 2.3. Our numerical approach integrates a boundary singularity method with
the (infinite) image technique [80]. Also, we choose ε = 0.4 because, very likely, the
error is maximum at this aspect ratio (see the insets of Fig. 2.4). Indeed, we find that
the approximations for U are reasonably accurate, particularly for H/R ≥ 4 (see Fig.
2.5). The interpolation performs even better for F̂d, where the error is below 5% for
H/R ≥ 2.
Overall, our calculations indicate that depending on the geometry and degree of
confinement, the surfers may propel forward in the higher surface tension direction
or propel backward in the reverse direction. Knowing that the direction of propulsion
is altered by a change in the surrounding boundary can be harnessed for designing
smart surfing robots capable of sensing their environment. Here, we only applied
our theory to particles with 90◦ contact angle (i.e., half-submerged). However, the
propulsion speed of a particle with a contact angle other than 90◦ can be estimated
by calculating the speed of a half-submerged oblate spheroid with the same protrusion
length to the liquid phase and the same contact line radius. It has been shown that
the fluid drags experienced by the two particles are closely comparable (see, e.g., [79]).
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2.3 The Limit of Small, But Finite, Reynolds and
Péclet Numbers
In the previous section, we studied the Marangoni propulsion subject to a number
of simplifying assumptions including Re = Pe = 0. As a natural next step, here,
we examine the limits of small (but finite) Reynolds and Péclet numbers (Re ≪ 1
and Pe ≪ 1), while leaving the remaining assumptions unchanged. We, again, use
the reciprocal theorem to obtain a formula for the propulsion speed. The derivation
proceeds as follows.
Consider a surfer of arbitrary shape and let r = xex + yey + zez be the position
vector with r = |r|. Also, let u = uxex+uyey+uzez, p, and c represent, respectively,
the dimensionless, steady-state velocity and pressure fields of the liquid and the con-
centration field of the chemical species. With these definitions and the conditions
listed at the beginning of §2.2, the equations that govern the distributions of u, p,
and c in a coordinate system attached to the particle are (see, e.g., [72])
∇ · σ − Re (u− Uex) ·∇u = ∇
2
u−∇p− Re (u− Uex) ·∇u = 0 and ∇ · u = 0,
u = Uex for r ∈ Sp, u → 0 as r → ∞,















∇2c = Pe (u− Uex) ·∇c,












with U = Uex being the propulsion velocity of the surfer and U
⋆ denoting the value
of U in the absence of advective effects (i.e, when Re = Pe = 0). Also, ℓ is the radius
of the smallest sphere that encloses the geometry of the surfer.
Now, consider the auxiliary problem of Stokes flow around the same surfer travel-
ling with velocity Û = Ûex (where Û = |Û |) when no Marangoni effects are present.
The (dimensionless) velocity and the stress fields in this case follow:
∇ · σ̂ = ∇2û−∇p̂ = 0 and ∇ · û = 0
û = ex for r ∈ Sp, û → 0 as r → ∞,









= 0 for r ∈ Si. (2.13)




n · σ · û dS −
∫
S
n · σ̂ · u dS = Re
∫
V
(Uex − u) ·∇u · û dV. (2.14)
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Using integration by parts, incorporating the boundary conditions of Eqs. (2.10)-
(2.13) and recognizing that the surface integrals at large distance vanish (since the














u ·∇û · u dV − Uex ·
∫
V







n · σ̂ dS is the dimensionless drag on the particle in the auxiliary
problem. Equation (2.15) is an exact relation.








where γ and c are made dimensionless by µU⋆ and ṁ⋆/2πD ℓ , respectively, with
ṁ⋆ being the release rate of the chemical species when Pe = 0. In the limits of small
Re and Pe, the velocity and concentration fields can be expressed in the form of the
following uniformly valid expansions:













+O(Re2 lnRe) +O(Pe lnPe),
(2.17)









+O(Pe2 ln Pe) +O(PeRe lnRe),
(2.18)
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where the infinity subscript denotes the leading-order contributions to the correspond-
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where ∼ and ≈ underbars denote that the velocity and concentration fields as well
as the ∇ operator are written in terms of the stretched (rescaled) position vectors
˜
r = Re r and
˜̃





(Re lnRe + 2Pe lnPe) +O(Re) +O(Pe). (2.25)
Equation (2.25) reveals a very important point: that the propulsion speed increases
with increasing Re and Pe from zero when α is positive. We will expand on this
finding in chapter §4, where we numerically compute U for a wide ranges of Re and
22
Pe.
As a special case, consider a surfer whose wetted surface is divided into active Sap
and inactive Siap segments with, respectively, uniform concentration cs and zero mass
flux (n · ∇c = 0) prescribed on them. It can be shown that, in this case, the total
release rate of the chemical species can be expressed as
Sh = Sh⋆ +
(Sh⋆)2
2










Chapter 3: A Computational Framework
for Simulating Marangoni Surf-
ing
3.1 Introduction
Deriving exact or even approximate formulas for the Marangoni propulsion at moder-
ate and high Reynolds and Péclet numbers is challenging, if not impossible. Therefore,
we resort to numerics to study the Marangoni-driven motion of active particles when
the inertial effects and flow-driven transport of the chemical species are no longer neg-
ligible. Detailed numerical solutions allow us to visualize the flow and concentration
fields around the surfer, in addition to obtaining its propulsion speed. This then en-
ables us to develop a deeper understanding of Marangoni propulsion. Also, numerical
simulations are generally more accommodating when it comes to including additional
complexities, which means that they can be used to examine the propulsion behavior
of active surfers under various complicated conditions. In this chapter, we introduce a
high-fidelity computational framework for simulating Marangoni surfing. The details
of our approach is described in the following sections.
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(a) (b)
Figure 3.1: Schematics of a half-submerged spherical surfer located atop
(a) (ideally) unbounded and (b) confined liquid layers. The active area of the
surfer that is colored red shows the release area. The color map and vector
plots represent the concentration distribution and liquid velocity field in the
vicinity of the surfer, respectively.
3.2 Governing Equations
For the purposes of our simulations, we assume that the movement of the surfer is
caused by the release of a chemical species from the active region of its surface, on
which the concentration of the chemical species c is constant (see Fig. 3.1). Denoted
by Sap , this area mimics a realistic scenario where the surfer is dip-coated on one
side to a depth of d by a layer of active agent such as alcohol (see [81] and §4.4.1).
Hence, applying assumptions similar to those outlined in chapter §2, the equations
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= −∇p+ µ∇2u and ∇ · u = 0, with
u (r, 0) = 0, u = U for r ∈ Sp, u = 0 for r ∈ Sw,























+ u ·∇c = D∇2c, with
c (r, 0) = 0, c = cs for r ∈ S
a












− α c. (3.4)
Here, Sp, Sw, Si, σ, I, and n denote the wetted surface of the surfer, the bounding
walls, the liquid-gas interface, the stress tensor, the identity tensor, and the unit
normal vector, respectively. And, cs, γ0 , and α are positive constant parameters. The
instantaneous linear and angular velocities of the surfer (U = Ux ex + Uy ey and






n · σ dS = m
dU
dt
with U (t = 0) = 0, (3.5)
∫
ℓp
r × γt dℓ+
∫
Sp
r × n · σ dS = Izz
dω
dt
ez with ω(t = 0) = 0, (3.6)
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where the sum of the integrals on the left-hand sides of Eqs. (3.5) and (3.6) represent,
respectively, the total force and moment experienced by the surface (ignoring the
load exerted by the gas phase). Here, ℓp denotes the three-phase contact line, t is the
unit vector tangent to Si and normal to ℓp, m is the mass of the surfer and Izz is its
moment of inertia about the z axis. Note that all quantities in the above equations
are dimensional.
3.3 Numerical Scheme
To solve the aforementioned governing equations numerically, we use a second-order
finite-volume method as implemented in OpenFOAM (see, e.g., [82]). In our numerical
calculations, the Laplacians and gradients are discretized via the second-order linear
Gaussian integration, the corrected scheme (with the number of corrections set to one
or two depending on the non-orthogonality of the mesh) is used to calculate surface
normal gradients, the time derivatives are approximated by the second-order back-
ward differentiation formula, and the equation of motion for the surfer is integrated
using the Newmark method with the relaxation parameter set to 0.5. The PIMPLE
algorithm is employed to treat the pressure-velocity coupling and the linear solver
GAMG (Geometric-Algebraic Multi-Grid) with DIC (Diagonal Incomplete-Cholesky)
preconditioner is used to solve for the pressure. Finally, the Gauss-Seidel method is
utilized to calculate the velocity and concentration fields.
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3.4 Surfer’s Kinematics
Depending on the problem under consideration, we use two different ways to capture
the motion of the surfer and to couple its movement with the flow of the surrounding
fluid and the transport of the released agents. The approaches are detailed below.
3.4.1Non-Inertial Reference Frame
When the surfer’s motion is restricted to pure translation, we rewrite the coupled
initial-boundary-value problem described by the Navier-Stokes equations (3.1), the
advection-diffusion equation (3.2), and Newton’s equation of motion (3.5) in a non-
inertial reference frame attached to the surfer (see, e.g., [83]). The process involves
substituting u with v = u − U in Eqs. (3.1) and (3.2) and adding a source term
equal to −ρ dU/dt to the right-hand side of the momentum balance expression in
Eq. (3.1). Also, we set the fluid velocity on Sp to zero and apply the negative of the
instantaneous propulsion velocity of the surfer, that is calculated from Eq. (3.5), to
the stationary outer boundaries (see also §3.5). Using this approach, we avoid dealing
with a moving boundary (and, hence, a moving mesh) problem. Moreover, we make




Figure 3.2: A simple example of overset gridding.
3.4.2Overset Grid
In cases where the surfer both translates and rotates, we adopt a moving mesh ap-
proach to simulate the surfer’s kinematics. Specifically, we employ overset grids [84–90]
to handle the moving boundary problem resulting from the motion of the surfer. In
the overset-grid method (which is also known as chimera [91, 92] and overlapping-grid
method [93–95]) the computational domain is decomposed into multiple overlapping
grids. The governing equations are separately solved for each grid and the connection
between different sub-domains is achieved through interpolating over the overlapping
zones [96]. Figure 3.2 shows a simple example of overset gridding, where a rectangular
domain with a circular inclusion is discretized via two overlapping meshes. The first
sub-domain is a simple Cartesian grid (the blue zone) that conforms to the outer
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Figure 3.3: An example of the overset mesh used to simulate the surfing
motion of a sphere.
boundaries and the other sub-domain is a boundary-fitted grid around the object
(the orange zone). The governing equations are treated separately over each zone
and an interpolation in the neighbourhood of the red line in Fig. 3.2b establishes the
connectivity of the domains.
To implement overset gridding in our simulations, we use two overlapping grids: a
background Cartesian mesh and one that fits the boundary of the surfer and extends
15R (where R is the characteristic length of the surfer) into the liquid (see, e.g., Fig.
3.3). The former is stationary whereas the latter moves with the surfer. As before,
when the goal is to simulate the motion of the surfer along an unbounded liquid-
gas interface, we express the governing equations in a reference frame that translate
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(a) (b)
Figure 3.4: Portions of sample computational domains corresponding to
(a) (ideally) unbounded and (b) confined liquid layers.
with the surfer. This allows us to avoid unwanted boundary effects. Lastly, we use the
inverse distance weighting method to carry out the interpolations over the overlapping
zone, and make sure that the mesh sizes are comparable in this region.
3.5 Computational Domain and Boundaries
In the absence of a confining wall, we set the computational domain to a very large
hemisphere with the submerged volume of the surfer carved out of its top center (see
Fig. 3.1a). This configuration allows for the use of the sweeping meshing technique
to discretize the domain. Via this method, we are able to achieve a high-quality mesh
that is concentrated near the surfer and close to the interface, where large gradients
are expected to reside (see Fig. 3.4a). The radius of the hemisphere is generally chosen
to be 100R. However, when the effect of the outer boundary becomes more significant
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(i.e., when Re . 0.01 or Pe . 0.01), the radius is made 10 times larger to more closely
model an unconfined domain. Note that, for clarity, Fig. 3.4a shows only portions of
the computational domains.
To simulate Marangoni propulsion when there exists a confining solid wall below
the interface, we set the computational domain to a rectangular box of length L,
width W , and height H (see Fig. 3.1b). The domain is then discretized using the
snappyHexMesh utility of OpenFOAM in a multi-block fashion, where the mesh is
densely distributed near the surfer. When the simulations are intended for comparison
with the experiments, the size of the domain and the depth of the surfer’s active region
are matched with the experimental values (see §4.4.1). Otherwise, we set L = 100R,
W = 50R, and d = R/2, and vary H to adjust the degree of confinement.
As indicated in the previous section, the computational domain is also set to a
rectangular box with L = W = 2H = 50R when using overset-grid method. In that
case, the conforming mesh attached to the surfer is considered to be a hemisphere of
radius 15R with the geometry of the surfer curved out of its top center.
3.6 Validation Studies
The following validation studies are performed to confirm the fidelity and robustness
of the computational approach outlined in this chapter.
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3.6.1Comparison with Theory and Experiment
We begin by comparing the results of our simulations for the propulsion speed with the
theoretical predictions of the previous chapter. The comparisons are made for a spher-
ical surfer with radius R and d = R/2, R, 3R/2 at Re = 0.01, 0.1 and Pe = 0.01, 0.1.
Table 3.1 shows the percent difference between the theoretically predicted and numer-
ically calculated values for the normalized speed. We see a very good agreement be-
tween the theoretical and numerical results, which not only demonstrates the validity
of the simulations, but also is indicative of the accuracy of the theoretical predictions.
Next, we compare the results of our simulations against a set of experimental data for
Marangoni propulsion under confinement. To avoid duplicate descriptions, the details
d
Re 0.01 0.10 0.01 0.10
Pe 0.01 0.01 0.10 0.10
Simulation 1.104938 1.293394 1.434654 1.607442
R
2
Theory 1.134524 1.313470 1.492417 1.671363
Difference (%) 2.677602 1.552239 4.026206 3.976624
Simulation 1.194949 1.582321 1.830097 2.164345
R Theory 1.234127 1.546297 1.858466 2.170636
Difference (%) 3.278601 2.276691 1.550128 0.290640
Simulation 1.487038 2.594449 2.894312 3.857013
3R
2
Theory 1.541421 2.263316 2.985210 3.707105
Difference (%) 3.657115 12.76314 3.140582 3.886638
Table 3.1: Comparison between the numerically calculated and theoreti-
cally obtained results for the normalized propulsion speed U .
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of the comparison are presented later in §4.4.1 of the next chapter, where we discuss
the effects of the thickness of the liquid layer on the Marangoni propulsion. But, in
short, we observe excellent corroboration between simulated and measured data (see
Figs. 4.13 and 4.14).
3.6.2Grid Independence Tests
Throughout our study, we have conducted many tests to ensure that the results of
the simulations are not dependent on a particular choice of mesh. For brevity, here,
we only report illustrative tests performed for the extreme cases of Pe = 1000 and
Re = 0.01, 1000. To verify that the results are grid-independent, the results of four
different meshes for the normalized propulsion speed are compared against each other.
The comparisons are made for a spherical surfer with d = R/2 that propels on top of a
Mesh 1 Mesh 2 Mesh 3 Mesh 4
∆xmaxs 0.05 0.05 0.05 0.025
Ni 7 14 14 19
Gi 1.26 1.19 1.19 1.15
Nr 120 120 200 120
Gr 1.060 1.060 1.032 1.078
Total mesh 203, 760 259, 200 434, 200 569, 880
U at Re = 0.01 1.032 0.790 0.769 0.787
U at Re = 1000 0.244 0.250 0.251 0.250
Table 3.2: Specifications of the meshes used in the grid-independence study.
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semi-infinite liquid layer. Table 3.2 shows the specifications of each mesh, where ∆xmaxs
is the maximum mesh size on the surface of the surfer, Ni and Gi are, respectively,
the number of grids and the grid growth rate across the estimated concentration
boundary layer underneath the interface, and Nr and Gr are, respectively, the total
number of grids and the grid growth rate in the radial direction. We see that, overall,
the results obtained from different mesh configurations are similar. We also observe
that it is important to fully resolve the concentration gradients near the interface,
particularly when Pe is large and Re is small.
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Chapter 4: Optimal, Stable, and Reverse
Marangoni Propulsion
4.1 Introduction
Building on the knowledge gain from the theoretical results of chapter §2, in this
chapter, we numerically examine three aspects of the Marangoni propulsion using
the approach described in chapter §3. First, we consider the variations of the speed
as a function of Re and Pe in the absence of a confining solid boundary. Then, we
analyze the stability of the Marangoni surfing under the same conditions. Finally, we
investigate the propulsion behavior of the surfers when the liquid layer is bounded
from below by a solid wall. Details of the examinations are discussed in the following
sections.
4.2 Optimal Marangoni Propulsion
We have learned from Eq. (2.25) that, when the Reynolds and Péclet numbers are
small (i.e., Re ≪ 1 and Pe ≪ 1), the propulsion speed benefits from stronger advective
effects. A natural question that follows this discovery is that whether the trend contin-
ues as Re and Pe become larger, reaching O(1) and increasing even further until they
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are both much greater than one. Also, perhaps as important as the speed, is the effi-
ciency of the propulsion. Therefore, it is critical to know how the efficiency varies with
increasing Re and Pe, too. To address these inquiries, we simulate the surfing motion
of a spherical surfer with d = R/2, R, 3R/2 at Re = 0.01, 0.1, 1, 10, 100, 1000 and
Pe = 0.01, 0.1, 1, 10, 100, 1000. Note that these Reynolds and Péclet numbers are
nominal values defined the same way as in chapter §2 (see Eq. (2.12)). Therefore, the
actual (or effective) values of Re and Pe may differ from the nominal ones depending
on the magnitude of the actual propulsion speed determined by the simulations.
Figures 4.1, 4.2, and 4.3 illustrate the outcome of the simulations for d = R/2, R,
and 3R/2, respectively. The results are presented in the form of contour plots of
normalized propulsion speed U and fuel efficiency E versus Re and Pe, where the








with Sh⋆ representing the total (dimensionless) release rate (i.e., fuel consumption)
corresponding to Pe = 0 (see Eq. (2.27)). Interestingly, we see that, in all cases, both
U and E initially rise with increasing Re and Pe from zero, then reach a maximum,
and eventually decline as advective (momentum/mass) transport dominates diffu-
sion. This indicates that for each surfer there exist (Re,Pe) pairs at which U and E
peak. While the maximums do not occur at the same (Re,Pe) pair, they take place
approximately when Re ∼ Pe ∼ O(1).















































Figure 4.1: Contour plots of normalized (a) propulsion speed and (b) fuel
efficiency for a spherical surfer with d = R/2.
examine the fluid flow and concentration distribution around them. To avoid duplicity,
we only consider cases with Pe = 0.1, 10, 1000, Re = 1, 100, and d = R/2 (see Figs.
4.4, 4.5, 4.6, and 4.7). As expected, we see that the discharge of the active agent
leads to the propulsion of the surfer and also causes the interface to dilate somewhat




















































Figure 4.2: Contour plots of normalized (a) propulsion speed and (b) fuel
efficiency for a spherical surfer with d = R.
the location of minimum interfacial tension (see Figs. 4.4d and 4.5d). The motion of
the surfer combined with the diverging interfacial flow due to the dilation gives rise
to a flow pattern underneath the free surface that resembles a deformed vortex ring.
The vortex originates from the reversed flow in the bulk that is necessary to maintain




















































Figure 4.3: Contour plots of normalized (a) propulsion speed and (b) fuel
efficiency for a spherical surfer with d = 3R/2.
plane bisecting the surfer, the three-dimensional swirling flow appears as a pair of
counter-rotating vortices, one below the surfer and the other one to the left of the
stagnation point (see figures 4.4b and 4.5b). This pattern is the main characteristics
of the flow around a Marangoni surfer that distinguishes it from the flow created by




Figure 4.4: Flow field plots corresponding to a Translating spheroidal surfer
with no Marangoni at the interface and (left panel) and Marangoni-driven
motion of an active sphere at Pe = 10 (right panel) at Re = 1. The top row
shows the fluid flow in the x-z plane bisecting the surfer, and the bottom
row illustrates the velocity field at the water-air interface. The purple thick
arrows highlight the direction of the flow. The black arrows in the vector
field are scaled independently in each panel to facilitate flow visualization.
The direction of propulsion is from left to right.
compare them with Figs. 4.4c and 4.5c). For instance, Fig. 4.4a clearly shows that, at
low Re, no vortex is formed underneath the free surface or below the inactive particle.
Finally, contrasting Figs. 4.6 and 4.7, we also observe that the general form of the flow




Figure 4.5: Flow field plots corresponding to a Translating spheroidal surfer
with no Marangoni at the interface and (left panel) and Marangoni-driven
motion of an active sphere at Pe = 10 (right panel) at Re = 100. The top
row shows the fluid flow in the x-z plane bisecting the surfer, and the bottom
row illustrates the velocity field at the water-air interface. The purple thick
arrows highlight the direction of the flow. The black arrows in the vector
field are scaled independently in each panel to facilitate flow visualization.
The direction of propulsion is from left to right
there exist subtle difference, particularly when the Reynolds number is high (see, e.g.,




Figure 4.6: Velocity field and contour of active chemical concentration at
the interface corresponding to the Marangoni-driven motion of an active
sphere at Re = 1 (left panel) and Re = 100 (right panel). The top and
bottom rows show, respectively, the result at Pe = 0.1 and Pe = 1000. In
the color maps the concentration is the highest at the active area of the
surfer (colored red) and is the lowest at the far field (colored blue)
4.3 Stability of Marangoni Propulsion
Controlling the motion of Marangoni surfers requires a fundamental understanding




Figure 4.7: Velocity field and contour of active chemical concentration in
the x-z plane bisecting the surfer corresponding to the Marangoni-driven
motion of an active sphere at Re = 1 (left panel) and Re = 100 (right
panel). The top and bottom rows show, respectively, the result at Pe = 0.1
and Pe = 1000. In the color maps the concentration is the highest at the
active area of the surfer (colored red) and is the lowest at the far field (colored
blue)
the vicinity of the surfers are noticeably strong. In these situations, disturbances that
break the symmetry of the vortices might lead to the rotation and lateral movement
of the particle and could cause it to drift from its intended path. In this section, we
consider the translational stability of a spherical surfer in the absence of a confining
wall.
To put the stability properties of the Marangoni surfer into context, we first
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(a) (b)
Figure 4.8: Interface vorticity and velocity vector field at (a) Re = 220 and
(b) Re = 240, respectively, of a half-submerged inactive sphere at a water-air
interface.
examine the stability of the same, but otherwise inactive, surfer. As we have mentioned
before, the Marangoni propulsion of active surfers are due in part to a driving force
which is the line integral of the surface tension over the three-phase contact line
between the particle and the liquid-gas interface (see Eq. (3.5)). Hence, to mimic this
motion for an inactive surfer sitting at an interface with no surface-tension variations
(i.e., with zero shear-stress), we assume that the inert surfer is being pulled by a force
that is always parallel to the interface and the force is attached to the surfer’s local
coordinate so it translates and rotates with it.
As the externally applied force increases, the steady-state speed (and, hence, the
Reynolds number) becomes larger. At high enough Re, vortical structures emerge in
the wake of the surfer (see Fig. 4.8). As Re further increases, the vortices become
asymmetric and later begin shedding. In this scenario, if the surfer is not constrained
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(a) (b)
Figure 4.9: Q-criterion of (a) Translating inactive sphere located at zero-
shear-stress interface at Re ≈ 220 and (b) Marangoni propulsion of active
sphere at Re ≈ 240 and Pe = 1000, respectively.
to move along a straight line, it eventually starts to rotate and move along a curved
path. Here, we seek to determine the minimum Re number at which the departure
from the straight motion takes place. To this end, we let the sphere reach its steady-
state speed (after applying the driving force) and then perturb its motion with a
lateral velocity normal to the direction of the motion and parallel to the interface.
The magnitude of the lateral velocity is set to approximately 5% of the steady-state
speed. The perturbation is applied for a short period of time such that the maximum
lateral displacement does not exceed 5% of the surfer’s radius. We find that the
surfer starts to wiggle around its line of motion at Re ≈ 125, and begins to rotate at
Re ≈ 150.
Now that we have determined when the passive surfer becomes unstable, we con-





Figure 4.10: Vorticity field and velocity vector field (a,b) below the sphere
(c,d) at interface (e,f) at z = −R/2 plane for Translating inactive sphere
(left column Re ≈ 220) and Marangoni propulsion (right column Re ≈ 240
and Pe ≈ 1000). Vorticity fields are normalized by 2U/R and the range is
from −1 to 1
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d = R/2 and various Péclet numbers. Perhaps surprisingly, our simulations indicate
that, irrespective of Pe, the active surfer tends to stay on course at Reynolds numbers
up to Re ≈ 240. After that, when Re ≈ 300, the surfer starts rotating and becomes
unstable. This suggests that the active surfer is more stable than an inactive one
moving at the same speed. The difference in the critical Re can be attributed to the
structure of the vorticity field in the wake of the active surfer, where the reverse flow
behind the surfer helps keeping the vortices attached (see Figs. 4.10 and 4.9b).
4.4 Reverse Marangoni Propulsion
In chapter 2, we theoretically investigated the effect of wall confinement on the propul-
sion speed, and discovered that, depending on the shape of the surfer, when the liquid
layer is shallow enough, the reverse propulsion occurs. However, the theory only covers
the limit of negligible inertia and diffusion-dominated transport of the active agent.
Here, we continue our investigation into the influence of the depth of the liquid layer
on the propulsion speed when the Reynolds and Péclet numbers are no longer small.
4.4.1Comparison Between Numerical and Experimental Re-
sults
We begin by comparing the results of our simulations with the experimental mea-
surements reported in [81]. The experiments involve a cylindrical disk of radius
R = 2.25mm and thickness λ = 1.5mm, and a hemisphere of radius R = 2.375mm,
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Figure 4.11: Schematics of the experimental setup depicting a fully sub-
merged hemispherical surfer at a water-air interface. The area of the hemi-
sphere dip-coated with a layer of Dawn soap that is colored red.
both from polydimethlysiloxane, which has a density of ρ = 965Kg/m3. The disk and
hemisphere are dip-coated into a solution of water and 50% soap (Dawn) to a depth
of d = 1mm, as shown in Fig. 4.11. This process results in an asymmetric coating of
the surfer with a layer of an active agent (i.e. Dawn soap), which is known to reduce
the interfacial tension of water from 72mN/m to about 30mN/m [97]. The disk or
hemisphere is gently placed on the water-air interface and released using tweezers.
The dissolution of the coating layer creates a surface tension imbalance that, in turn,
leads to the propulsion of the surfer. The experiments are conducted in a clear-walled
rectangular container of length L = 560mm and width W = 45mm, that is filled with
water (see Fig. 4.11). The depth of water is varied from H = 1.8mm to H = 10mm.
A particle image velocimetry is used to analyze the flow field at the water-air
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interface and beneath the surfer. PIV measurements are performed using uniformly
dispersed tracer particles of 40-µm diameter that are illuminated by a 300-mW argon-
ion laser light sheet of thickness 1mm. The laser is oriented either parallel to the
interface just below the surface (in order to obtain the interfacial velocity profiles) or
normal to the surface passing up through the fluid from the bottom of the container
(see Fig. 4.11). Through this second configuration, the velocity field underneath the
surfer is measured. A high speed camera at a maximum frame rate of 110 fps is uti-
lized to capture the images, which are then processed via a commercial PIV software
package developed by LaVision. Also, a digital camera is used to track the motion of
the surfer. The videos are captured at 17 fps and fed into a particle tracking software
(Tracker) to measure the speed and direction of the surfer’s propulsion.
To analyze the propulsion behavior of a surfer, we measure its steady-state velocity
U under various levels of confinement, characterized by the depth of the liquid layer
H. Next, we normalize U by its corresponding value for deep layers (i.e. H → ∞),
denoted as U∞, and plot the results versus δ/R = (H − λ) /R. Here, δ and λ are
the minimum gap between the surfer and the confining wall, and the thickness of the
submerged volume of the surfer, respectively. In view of the simplifying assumptions
enumerated in the earlier chapters, the quantity U/U∞ is a function of the shape of the
surfer and δ/R, as well as the Reynolds and Péclet numbers. These two parameters
are defined, respectively, as
Re = 2ρU∞R/µ and Pe = 2U∞R/D,
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Figure 4.12: Comparison between the results of experimental measure-
ments (filled symbols) and numerical calculations (empty symbols) for the
normalized propulsion velocity U/U∞ versus the dimensionless minimum gap
between the surfer and the confining wall δ/R. The Reynolds numbers corre-
sponding to the motion of the sphere/hemishpere (square symbols) and disk
(diamond symbols) are Re ≈ 23 and Re ≈ 25, respectively. The Péclet num-
ber is of the order of Pe ∼ O(105) in the experiments and is set to Pe ≈ 1000
in the simulations, which is sufficiently high to justify the comparison.
in this section, where U∞ is used as the characteristic velocity instead of U
⋆.
Figure 4.12 shows the variation of the normalized propulsion velocity U/U∞ as
a function of the dimensionless minimum gap between the surfer and the confining
wall δ/R, where the experimental and numerical data points are distinguished by the
filled and empty symbols, respectively. The Reynolds numbers corresponding to the
motion of the sphere/hemisphere (square symbols) and disk (diamond symbols) are
Re ≈ 23 and Re ≈ 25, respectively. The Péclet numbers, on the other hand, are of the
order of Pe ∼ O(105) in the experiments and are set to Pe ≈ 1000 in the simulations,
which is believed to be high enough to justify the comparison.
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Figure 4.13: Flow field plots corresponding to the Marangoni propulsion of a hemisphere/-
sphere under various degrees of confinement for PIV measurements (left panels) and nu-
merical simulations (right panels). The top four rows show the fluid flow in the x-z plane
bisecting the surfer, and the fifth and sixth rows illustrate the velocity field at the water-
air interface for, respectively, the least and most confined cases (i.e. the first and fourth
rows). In the right panels, the thick arrows highlight the direction of the flow and the color
maps display the concentration distribution of the active agent, where the concentration is
the highest at the active area of the surfer (colored red) and is the lowest at the far-field
(colored blue). The black arrows are scaled independently in each panel to facilitate flow
visualization. The red and green arrows atop each panel show the direction of propulsion.
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Figure 4.14: Flow field plots corresponding to the Marangoni propulsion of a disk under
various degrees of confinement for PIV measurements (left panels) and numerical simula-
tions (right panels). The top four rows show the fluid flow in the x-z plane bisecting the
surfer, and the fifth and sixth rows illustrate the velocity field at the water-air interface for,
respectively, the least and most confined cases (i.e. the first and fourth rows). In the right
panels, the thick arrows highlight the direction of the flow and the color maps display the
concentration distribution of the active agent, where the concentration is the highest at the
active area of the surfer (colored red) and is the lowest at the far-field (colored blue). The
black arrows are scaled independently in each panel to facilitate flow visualization. The red
and green arrows atop each panel show the direction of propulsion.
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We see that, in all cases, once the gap is greater than several particle radii, the
propulsion velocity asymptotes to U∞ and is no longer affected by the bounding wall
underneath the water-air interface. As the gap decreases and begins to approach the
radius of the surfer (i.e. δ/R ≈ 1), the confinement effect kicks in, which notably
slows down the speed of the surfer. On further narrowing the gap, for experimentally
tested surfers (see filled symbols), this trend continues until the surfer comes to rest
– even though the fluid around it continues to flow. Beyond this critical point, the
surfer reverses its course. The magnitude of the reverse velocity and the crossover
depth are functions of, among other factors, the geometry of the surfer and, therefore,
differ for the hemisphere and disk. Specifically, a comparison between the plots for
the sphere and disk (filled squares and diamonds in Fig. 4.12) reveals that the gap
corresponding to the onset of backward propulsion is several times thinner for the
sphere. Furthermore, the maximum rearward speed of the sphere is about an order
of magnitude slower than that of the disk, which is about 10% of its U∞.
The above experimental observations are largely corroborated by the numerical
calculations (see empty symbols), with the exception that, in the simulations, the
velocity of the spherical surfer approaches a finite positive value at very small gaps
(i.e. δ/R ≪ 1). This discrepancy can be attributed to the decay in the release rate of
the soap coating with time (which can lead to uncertainty in determining the precise
experimental Reynolds number), the local increase in the water viscosity due to the
release of the soap from the surface of the sphere, and also the pitching motion of the
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hemisphere (due to the net torque exerted on its wetted surface) in the experiments.
In the next subsection, we will show that the reverse motion for spherical surfers
occurs at Reynolds numbers Re / 10 in our idealized model.
Figures 4.13 and 4.14 illustrate the flow structure near the Marangoni surfer for
representative data points in Fig. 4.12. We see that the results of PIV experiments
(left columns) agree favorably with those of numerical simulations (right columns),
and they both depict the following physical picture. In section §4.2, we discussed
the flow patterns below the interface and near the surfer. Here, when the wall is far
enough from the surfer, the flow structure is the same (see Figs. 4.13b, 4.13j, 4.14b,
4.14j, ). As the thickness of the liquid layer decreases, however, the counterclockwise
rotating vortex in the wake of the surfer becomes more shallow, with its center moving
towards the interface and closer to the stagnation point. And, the clockwise rotating
vortex gets compressed and weakened until it disappears upon further reducing the
depth of water (see the fourth rows of Figs. 4.13 and 4.14). In this situation, a narrow
clockwise rotating vortex emerges next to the surfer, opposite to its active side (see
the third and fourth rows of Fig. 4.13 and the fourth row of Fig. 4.14). This flow
feature is more distinct for the case of the disk.
4.4.2Additional Numerical Calculations
Having further demonstrated the credibility of our computational approach, we now
use numerical modeling to examine the effects of the Reynolds and Péclet numbers as
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well as the surfer’s geometry on Marangoni propulsion under confinement. To this end,
we simulate the surfing motion of oblate spheroids with aspect ratios ε = 1, 0.5, 0.2
at Re ≈ 0.1, 1, 10, 100 and Pe ≈ 0.1, 10, 1000. In these simulations, we set d = R/2,
and increase the length and width of the domain to L = 100R and W = 50R to lessen
the influence of the side boundaries. The plots of U/U∞ versus δ/R for each Reynolds
number at Pe ≈ 1000 are displayed in Fig. 4.15. The results for Re ≈ 0.1 and Re ≈ 1
ε = 1 ε = 0.5 ε = 0.2





















































Figure 4.15: Normalized propulsion velocity U/U∞ versus the dimension-
less minimum gap between the surfer and the confining wall δ/R. The
results are shown for Pe ≈ 1000 and half-submerged oblate spheroidal
surfers of aspect ratio ε = 1, 0.5, and 0.2. Panels (a)–(d) correspond to
Re ≈ 0.1, 1, 10, and 100, respectively. The inset in panel (d) shows the replots
of U/U∞ vs. δ/R curves for ε = 0.2 from panels (a)–(d).
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Figure 4.16: Normalized propulsion velocity U/U∞ versus the dimen-
sionless minimum gap between the surfer and the confining wall δ/R.
The results are shown for Pe ≈ 10 and half-submerged oblate spheroidal
surfers of aspect ratio ε = 1, 0.5, and 0.2. Panels (a)–(d) correspond to
Re ≈ 0.1, 1, 10, and 100, respectively.
are quite alike and they both indicate that all surfers experience the reverse Marangoni
propulsion when the liquid layer is sufficiently confined. Specifically, the crossover gap
is δ/R ≈ 0.25 for ε = 1 (spherical surfer) and ε = 0.5 whereas it is closer to δ/R ≈ 0.3
for ε = 0.2 (see Figs. 4.15a and 4.15b). Also, in all cases, the reverse speed is about
or less than 15% of its respective U∞. At the moderate Reynolds number of Re ≈ 10,
we still observe analogous trends, with thicker surfers transitioning from forward to
backward motion at narrower gaps (see Fig. 4.15c). This observation corroborates
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Figure 4.17: Normalized propulsion velocity U/U∞ versus the dimen-
sionless minimum gap between the surfer and the confining wall δ/R.
The results are shown for Pe ≈ 0.1 and half-submerged oblate spheroidal
surfers of aspect ratio ε = 1, 0.5, and 0.2. Panels (a)–(d) correspond to
Re ≈ 0.1, 1, 10, and 100, respectively.
well with the experimental measurements presented in Fig. 4.12.
When Re is raised by another order of magnitude, however, major changes occur
in the propulsion behavior of surfers with moderate to high aspect ratios (see Fig.
4.15d). In particular, for the cases with ε = 1 and ε = 0.5, lowering of the gap no
longer alters the propulsion direction. Remarkably, for the spherical surfer, U/U∞
drops to only about 0.4 at the very small gap size of δ/R = 0.05. Overall, we find
that, for the range of Re considered, the general behavior of U/U∞ vs δ/R curves is
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less sensitive to the Reynolds number for low aspect ratio surfers (see the inset in
Fig. 4.15d for ε = 0.2). This could explain why numerical and experimental results
matched more closely for the disk in Fig. 4.12, despite the uncertainty in the actual
value of Re in the experiments.
Figures 4.17 and 4.16 present the plots of U/U∞ versus δ/R for, respectively,
Pe = 10 and Pe = 0.1. Comparing these figures against Fig. 4.15 shows that while
pe is varied over four orders of magnitude, the results for the normalized speed for
different δ/R and Re remain fairly similar. This suggests that the effect of the Péclet
number on the surfing speed on top of a finite-depth liquid layer is less significant
that the influences of the surfer’s geometry and the Reynolds number.
The data in Figs. 4.15, 4.16, and 4.17 correspond to the steady-state motion of
the surfers. In this condition, the net force acting on the particle in the direction of




balanced by the sum of pressure and viscous forces Fp + Fv = F = ex ·
∫
Sp
n · σ dS
(see Eq. (3.5)). Given the orientation of the (x, y, z) coordinate system with respect
to the location of Sap , Fst is always a positive quantity (see Fig. 3.1b). Of fundamental
interest here are the relative contributions of pressure and viscous forces. It is also
of value to have an understanding about the distribution of the forces over Sp. For
instance, it is informative to know, if the surfer is divided into two equal halves,
say active (which encompasses the release site) and inactive, how Fp, Fv, and their
sum F would split between these two regions. Table 4.1 provides this information for
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illustrative points in Fig. 4.15, where the forces and their subdivisions (denoted by
the superscripts a and ia) are normalized by Fst.
First, we discover that, in the vast majority of cases considered, much of the
resistance to the surface tension force is due to the negative pressure (suction) exerted
on the active half of the surfer F ap ; the far-field pressure is set to zero in the simulations.
The rest of the resistance comes from the viscous force Fv (which is more evenly split
over Sp than Fp) and the pressure force acting on the inactive side of the surfer
F iap . The share of the latter is often very small. Consider, for example, the case of
ε = 0.5, δ/R = 0.5, and Re ≈ 10, for which Fp/Fst = −0.69 and Fv/Fst = −0.31, or
a more extreme case of ε = 1, δ/R = 0.05, and Re ≈ 100, with Fp/Fst = −0.89 and
Fv/Fst = −0.11. To put these force decompositions into perspective, 2/3 of the Stokes
drag on a moving sphere comes from the viscous stresses and the remainder is the
contribution of the pressure. And, the pressure drags felt on the front and back sides
of the sphere are identical. Our calculations indicate that the relative contribution of
F ap (and consequently that of Fp) increases with reducing the gap size and decreases
mildly with the rise of inertial effects. They also show that Fp/Fst is greater for more
rounded surfers.
Second, we learn that there exists a link between the direction of surfers’ motion
and the distribution of the total fluid force on their active and inactive halves. Specif-
























5 0.93 −0.85 −0.15 −0.74 −0.26 −0.70 −0.04 −0.15 −0.11
1 0.5 0.19 −0.95 −0.05 −0.79 −0.21 −0.80 0.01 −0.15 −0.06
0.05 −0.02 −1.12 0.12 −0.89 −0.11 −1.03 0.14 −0.09 −0.02
5 0.94 −0.81 −0.19 −0.61 −0.39 −0.57 −0.04 −0.24 −0.15
0.5 0.5 0.27 −0.90 −0.10 −0.69 −0.31 −0.68 −0.01 −0.22 −0.09
0.05 −0.08 −1.21 0.21 −0.86 −0.14 −1.10 0.24 −0.11 −0.03
5 0.91 −0.77 −0.23 −0.40 −0.60 −0.38 −0.02 −0.39 −0.21
0.2 0.5 0.23 −0.86 −0.14 −0.48 −0.52 −0.48 0.00 −0.38 −0.14























5 0.99 −0.76 −0.24 −0.70 −0.30 −0.66 −0.04 −0.10 −0.20
1 0.5 0.73 −0.83 −0.17 −0.73 −0.27 −0.73 0.00 −0.10 −0.17
0.05 0.41 −0.89 −0.11 −0.80 −0.20 −0.81 0.01 −0.08 −0.12
5 0.98 −0.79 −0.21 −0.59 −0.41 −0.55 −0.04 −0.24 −0.17
0.5 0.5 0.72 −0.83 −0.17 −0.66 −0.34 −0.64 −0.02 −0.19 −0.15
0.05 0.07 −0.93 −0.07 −0.77 −0.23 −0.78 0.01 −0.15 −0.08
5 0.98 −0.65 −0.35 −0.39 −0.61 −0.36 −0.03 −0.29 −0.32
0.2 0.5 0.64 −0.74 −0.26 −0.44 −0.56 −0.44 0.00 −0.30 −0.26
0.05 −0.06 −1.07 0.07 −0.77 −0.23 −0.84 0.07 −0.23 0.00
Table 4.1: Decomposition of the fluid force acting on the surfer for illustrative data points
in Figs. 4.15c and 4.15d. The subscripts p and v denote the contributions of pressure and
viscous forces, respectively. The surfer is assumed to consist of two equal halves, active
(which encompasses the release site) and inactive. And, the forces exerted on these regions
are distinguished by the superscripts a and ia, respectively. All forces are normalized by the
surface tension force Fst = ex ·
∫
ℓp
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Figure 4.18: Flow field plots corresponding to the Marangoni propulsion
of a half-submerged oblate spheroid of aspect ratio ε = 0.5. The results are
produced from numerical simulations for Pe ≈ 1000 (see Fig. 4.15). The gap
size is δ/R = 5 and δ/R = 1 in the left and right columns, respectively. The
Reynolds number increases in each successive row from Re ≈ 1 to Re ≈ 10
and then to Re ≈ 100. The black arrows are scaled independently in each
panel to facilitate flow visualization. The green arrows atop each panel show
the direction of propulsion and the purple ones highlight the flow pattern.
on the active sides of a surfer exceeding that of the surface tension force in the nega-







Figure 4.19: Flow field plots corresponding to the Marangoni propulsion
of half-submerged oblate spheroids of various aspect ratios under extreme
confinements (δ/R = 0.1). The results are produced from numerical simu-
lations for Pe ≈ 1000 (see Fig. 4.15). The left, middle, and right columns
illustrate the flow for ε = 1, ε = 0.5, and ε = 0.2, respectively. The Reynolds
number increases in each successive row from Re ≈ 1 to Re ≈ 10 and then
to Re ≈ 100. The black arrows are scaled independently in each panel to
facilitate flow visualization. The red and green arrows atop each panel show
the direction of propulsion and the purple ones highlight the flow pattern.
on the inactive side of the surfer (0 < F ia/F st), see the boxes in Table 4.1. In other
words, our force decomposition analysis suggests that once the sum of the suction
and viscous forces on the active side of a surfer (which monotonically increases in
magnitude with reducing the gap) outweighs the surface tension force then the surfer
begins to move in the reverse direction. The change in the direction of motion results
in the generation of a positive total force on the other (inactive) side of the surfer
to compensate for the excess negative force on its active side, thereby maintaining a
steady force balance. As a separate but related matter, we note that, for a given ε
and Re, Fst is almost invariant to changes in δ/R. The two exceptions are when ε = 1
and ε = 0.5 for Re ≈ 10 and δ/R = 0.05. In these cases a decrease of two orders
of magnitude in the gap size results in 9% and 13% changes in Fst, respectively. By
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contrast, in other cases the changes are 2% or less.
The results of Fig. 4.15 and Table 4.1 are supplemented by the flow field plots of
Figs. 4.18 and 4.19, that show the variations of the flow pattern around the surfer
with increasing Re at, respectively, low to moderate and extreme confinements. From
Fig. 4.18, we learn that higher Re corresponds to more compact vortices, which is in
line with intuition. Consistent with Figs. 4.13 and 4.14, we also see that the vortices
are compressed as the liquid layer gets shallower. The choice of aspect ratio ε = 0.5
in this figure is immaterial, since the qualitative structure of the flow is insensitive
to the thickness of the surfer. To the contrary, as shown in Fig. 4.19, when the gap
is very thin, the surfer’s aspect ratio plays a fundamental role in shaping the flow
structure in its vicinity. It also affects how dependent the flow pattern is on Re. For
instance, varying Re results in completely distinct flows for ε = 1 and nearly identical
ones for ε = 0.2 (see the first and last columns of Fig. 4.19).
Before bringing this section to a close, we would like to briefly comment on how
we have modeled the release of the chemical species. In its simplest form, the release
process can be simulated by applying either a constant concentration or a constant
flux boundary condition on Sap . Both of these conditions are capable of faithfully rep-
resenting the emission of the chemical species, and they produce very similar results
provided that their respective release rates match. Here, we have chosen to impose a
depth-invariant constant concentration at Sap because it better mimics the way the
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soap coating spreads in the experiments and also does not require a priori knowl-
edge of the release rate. In chapter §2, where the reverse Marangoni propulsion was
predicted theoretically in the limits of vanishing Re and Pe), on the other hand, a
constant flux boundary condition was applied. There, it was assumed that the release
rate of the active agent is fixed and does not change with the gap size. This subtle
difference in modeling ought to be taken into account when comparing the results of
Figs. 4.12, 4.15, 4.16, and 4.17 with those of Fig. 2.3.
Finally, it is worth noting that the reverse Marangoni surfing is not necessarily
limited to self-propelling surfers. For example, Kavokine et al. [98] considered the
transport of a liquid marble floating on a water-air interface embedding photosensitive
surfactants. They observed that, when the liquid layer beneath the interface is deep,
shining UV light at the interface locally increases the surface tension and, therefore,
generates a surface flow that carries the marble towards the light source. Interestingly,
they showed that the marble is transported in the opposite direction (i.e. away from
the source of the UV light) at shallow enough water depths. The authors attributed
their observation to the deformation of the interface. However, our findings suggest
that, even if the interface deformation is a non-negligible factor, it may not be the
sole contributor to the reported phenomenon.
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Chapter 5: Summary and Future Direc-
tions
We studied the Marangoni-driven motion of active surfers located at a liquid-gas
interface. We used both theory and numerical simulation to conduct our analyses.
First, we derived an analytical expression for the propulsion speed in the absence
of advective effects (i.e., when Re = Pe = 0). The derivation was based on the
reciprocal theorem, which allowed us to bypass the detail calculation of the flow field.
The analytical formula was used to theoretically examine the effect of confinement on
the propulsion of oblate spheroidal surfers. We demonstrated that, depending on the
geometry and degree of confinement, the surfing particles may propel forward in the
higher surface tension direction or propel backward in the reverse direction. Knowing
that the direction of propulsion is altered by a change in the surrounding boundary can
be harnessed for designing smart surfing robots capable of sensing their environment.
Combining the reciprocal theorem and with the method of singular perturbation
expansion, we also calculated the leading-order corrections to the propulsion speed of
Marangoni surfers due to advective effects resulting from finite Reynolds and Péclet
numbers. Our calculations revealed that the speed increases with increasing Re and
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Pe from zero.
Next, we developed a high-fidelity computational framework to further examine
the Marangoni surfing. Two different approaches were adopted to capture the kine-
matics of the surfer. For pure translation, the governing equations were expressed
in a non-inertial reference frame attached to the surfer and solved on a fixed nested
mesh. For combined rotation and translation, however, the equations (again written
in a frame of reference that moves, but not rotate, with the surfer) were solved on
overset grids. We extensively tested the validity of the proposed numerical approach
and showed that it is capable of faithfully simulating the Marangoni propulsion of
active surfers.
We employed the validated simulations to perform three investigations. First, we
studied the effects of the fluid inertia and advective transport of the released chemical
agent on the propulsion behavior of various surfers. Our numerical calculations re-
vealed that the normalized speed changes non-monotonically with the Reynolds and
Péclet numbers. Specifically, we showed that there exist Re and Pe at which the speed
is maximum. We also defined a new parameter that represents the “fuel efficiency” of
the surfer. This parameter measures the ratio of the speed to the release rate of the
active chemical. We found that the surfers reach their peak speed and fuel efficiency
when Re ∼ Pe ∼ O(1).
We then analyzed the stability of a sphere translating along a liquid-gas interface.
We demonstrated that, at the same speed, the sphere is more stable if it is self-driven
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by Marangoni stresses compared to the case where it is dragged along the interface
via an external force in the absence of any surface tension gradients. We inspected
the vortical structures created in the wake of both Marangoni- and externally-driven
spheres and found that the flow near the release site of the Marangoni surfer restricts
the stretching of the vortices, which delays the onset of shedding and the consequent
instability.
We finally investigated the propulsion characteristics of Marangoni surfers under
confinement. We again confirmed that, contrary to what might be the usual expecta-
tion, the surfers may propel themselves in the direction of lower surface tension. This
counterintuitive phenomenon emerges due to the competition between two opposing
influences, namely, the net surface tension force acting along the three-phase contact
line and the force exerted on the submerged area of the surfer by the flow in the bulk
of the liquid layer, which is induced by the Marangoni stresses at the interface and the
motion of the surfer itself. Perhaps surprisingly, we uncovered that a large percentage
of the fluid force originates from the negative pressure acting on the active half of
the surfer, and that this suction force is the main driving mechanism for the reverse
Marangoni propulsion. We showed that, at low and intermediate Reynolds numbers
(i.e., Re / 10), there exists a critical gap size below which the surfers reverse course
and move away from the higher surface tension region of their neighborhoods. Our
calculations revealed that the existence of the critical gap at higher Reynolds numbers
depends on the shape of the surfer, with a greater likelihood for thinner surfers.
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Overall, the findings of this dissertation enhance the fundamental understanding
of the Marangoni propulsion at liquid-gas interfaces. They also furnish much needed
design guidelines for engineering Marangoni surfers with desired performance charac-
teristics. Furthermore, the reported studies provide solid starting points for additional
investigations into Marangoni propulsion. Interesting topics of future research may in-
clude exploring the effects of capillary forces and interface curvature on the propulsion
speed and examining the collective motion of multiple surfers.
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